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THICK ISOTOPY PROPERTY AND THE MAPPING CLASS
GROUPS OF HEEGAARD SPLITTINGS
DAIKI IGUCHI
Abstract. Let M be a closed orientable 3-manifold and S a Heegaard surface of
M . The space of Heegaard surfaces H(M,S) is defined to be the space of left cosets
Diff(M)/Diff(M,S). We prove that the fundamental group pi1(H(M,S)) is finitely
generated if and only if any element of pi1(H(M,S)) can be represented by a “thick”
isotopy. As an application, we prove that the mapping class group of a strongly irre-
ducible Heegaard splitting of a closed hyperbolic 3-manifold is finitely generated.
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Introduction
Let M be a closed orientable 3-manifold. A genus-g Heegaard splitting of M is a
decomposition of M into two genus-g handlebodies H0 and H1 with ∂H0 = ∂H1. The
surface S := ∂H0 = ∂H1 is called a Heegaard surface of M . We say that S is weakly
reducible if there exist two disjoint essential simple closed curves c0 and c1 on S that
bound disks in H0 and H1 respectively. Otherwise S is said to be strongly irreducible.
The mapping class group of the Heegaard splitting, denoted by MCG(M,S), is the
group of isotopy classes of self-diffeomorphisms of M that carry S to itself. It is natural
to ask when the group is finitely generated, and there have been many works related
to this question. For example, finite generating sets of the mapping class groups Hee-
gaard splittings of S3 were estabilished when the genus are at most 3 due to [9, 10, 18].
Furthermore, a finite presentation was found by [1,2] for the genus-2 Heegaard splitting
of S3 and this result was extended to all genus-2 weakly reducible Heegaard splittings
by [3–7]. See also [14] for another example of a Heegaard splitting with the finitely
generated mapping class group. In this paper, we will show the following.
Theorem 0.1. Let N be a closed orientable hyperbolic 3-manifold. Let S be a genus-g
irreducible Heegaard surface of N . Then the mapping class group MCG(N,S) is finitely
generated.
Hempel [11] defined a measure of complexity of a Heegaard splitting called the dis-
tance. Roughly speaking, it is defined to be the distance of the sets of compression disks
of H0 and H1 in the curve graph of S. It follows from the definition that a Heegaard
splitting is strongly irreducible if and only if its distance is at least 2. It was shown
in [13] that the mapping class group is a finite group if the distance of a Heegaard split-
ting is at least 4. However, little has been known about the mapping class groups of
Heegaard splittings when the distance is either 2 or 3. At least there are infinitely many
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examples of strongly irreducible Heegaard splittings with the mapping class groups of
infinite order. See for example [12,15].
The proof of Theorem 0.1 is based on the method due to Colding-Gabai-Ketover [8],
who gave an algorithm to construct a complete list of irreducible Heegaard surfaces of a
non-Haken hyperbolic 3-manifold using the normal surface theory. This paper is orga-
nized as follows. Let H(M,S) the space of Heegaard surfaces (see for the definition Sec-
tion 1). In Section 2, we introduce a criterion for finitely generatedness of pi1(H(M,S))
in terms of the geometry of M , which is called the thick isotopy property. This property
plays an important role in both [8] and the present paper: it enables us to study isotopies
of surfaces through “crudely” almost normal surfaces. In fact, the argument in Section
2 also gives an algorithm to find a finite generating set of pi1(H(M,S)). In Section 3, we
see that S has the thick isotopy property ifM is hyperbolic and S is strongly irreducible
following [8]. A finite generating set of MCG(M,S) is given using those of pi1(H(M,S))
and MCG(M).
1. Preliminaries
1.1. The space of diffeomorphisms. Let M be a closed orientable 3-manifold and Y
a subset of M (possibly Y = ∅). We denote by Diff(M,Y ) the group of orientation pre-
serving self-diffeomorphisms of M that carry Y to itself, and denote by Diff0(M,Y ) the
subgroup of Diff(M,Y ) whose elements are isotopic to the identity. The mapping class
group MCG(M,Y ) of (M,Y ) is defined by MCG(M,Y ) := Diff(M,Y )/Diff0(M,Y ). In
particular, MCG(M,S) is called the mapping class group of a Heegaard splitting if S is
a Heegaard surface of M .
Following Johnson-McCullough [16], we define the space of Heegaard surfaces H(M,S)
by H(M,S) := Diff0(M)/Diff0(M,S). (In fact, they defined the space of Heegaard
surfaces by H(M,S) := Diff(M)/Diff(M,S). In this paper, we will only consider a
connected component of Diff(M)/Diff(M,S) for simplicity.) In other words, H(M,S)
is the space of images of S under ambient isotopies of M . Throughout the paper, we
regard an element of H(M,S) as a surface in M that is isotopic to S rather than a left
coset. Further, we identify a path in H(M,S) with an isotopy between two surfaces in
M .
1.2. Isotopies and crudely normal surfaces. In this subsection, we summarize def-
initions and lemmas which are needed in Section 2. Unless otherwise stated, let M be a
closed, orientable, irreducible, Reimannian 3-manifold, S∗ a Heegaard surface of M , and
∆ a triangulation of M throughout.
A surface T in M is said to be generic with respect to ∆ if T is transverse to each
simplex of ∆. The weight of T with respect to ∆ is defined by |T ∩∆1|, where ∆1 denotes
the 1-skeleton of ∆. We say that two generic surfaces in M are normally isotopic if they
are isotopic through generic surfaces.
An elementary move is one of four moves shown in Figure 1. This figure explains how
the surface pass an i-simplex of ∆ for each 0 ≤ i ≤ 2. For example, the picture in the
upper left explains the situation when the surface pass a 0-simplex.
Definition. (1) An isotopy between two surfaces is said to be generic with respect to ∆
if it is obtained from a sequence of elementary moves.
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0)
↔
2)
↔
2′)
↔
1)
Figure 1. Elementary moves
(2) Let E > 0. A generic isotopy is said to be an E-isotopy if the weight of Tt is at
most E for all generic t ∈ I.
In the follownig lemma, we denote by d(·, ·) the distance function on M induced by
the Riemannian metric.
Lemma 1.1 ( [8, Lemma 3.2]). Let M be a closed Reimannian 3-manifold, ∆ a trian-
gulation of M , L > 0 and ε > 0. Then there exists a constant K = K(M,∆, L, ε) > 1
with the following property. Suppose that {Tt}t∈I is an isotopy such that T0 and T1 are
generic with respect to ∆ and their weights are at most L. If there exists C > 0 such
that Area(Tt) ≤ C for any t ∈ I, then there exists an ambient isotopy {ht :M →M}t∈I
such that
• d(ht(x), x) < ε for any x ∈M and t ∈ I,
• ht(T0) = T0 and ht(T1) = T1 for any t ∈ I, and
• T ′t := ht(Tt) is a K(C + 1)-isotopy.
Let T and T ′ be surfaces in M . We say that T ′ is obtained from T by a pinch if it is
obtained from T and a 2-sphere in M by connecting them with a tube. Such a move or
its inverse is called a pinch. Recall that M is irreducible by the assumption. Thus this
move can be realized by an isotopy in an appropriate way. If T, T ′ ∈ H(M,S∗), a pinch
uniquely determines a path in H(M,S∗) connecting T and T
′ up to homotopy (rel. its
eddnoints). A pinched isotopy is a sequence of generic isotopies and pinches. Further, a
path in H(M,S∗) is said to be a pinched path if it is determined by a pinched isotopy.
Definition. A generic surface T in M is crudely almost normal with respect to ∆ if
• for any 2-simplex τ of ∆, no component of τ ∩ T is a circle,
• for any 3-simplex σ of ∆, each component of σ∩T is either a disk or an unknotted
annulus, and
• each 3-simplex σ of ∆ contains at most one annulus component of σ ∩ T .
In particular, a crudely almost mormal surface T is called a crudely normal surface if no
component of σ ∩ T is an annulus for any 3-simplex σ of ∆.
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We say that a generic isotopy {Tt}t∈I is crudely normal with respect to ∆ if Tt is
crudely almost normal for all generic t ∈ I. A pinched isotopy is said to be crudely
normal with respect to ∆ if it is a sequence of crudely normal isotopies and pinches.
Furthermore, a path in H(M,S∗) is said to be a pinched crudely normal path if it is
determined by a pinched crudely normal isotopy. A pinched E-isotopy and a pinched
E-path in H(M,S∗) are defined by the same way.
Definition. Let δ > 0. A surface T in M is said to be δ-compressible if there exists a
compression disk D of T such that diam(∂D) ≤ δ. Otherwise T is said to be δ-locally
incompressible.
The following is Lemma 3.6 of [8].
Lemma 1.2. Let M be a closed, orientable, irreducible, Reimannian 3-manifold. Let
δ > 0. Let ∆ be a triangulation of M such that for any simplex κ of ∆, st(κ) and st2(κ)
are 3-balls of diameter at most δ, where st(·) denotes the star neighborhood. Suppose that
{Tt}t∈I is an E-path in H(M,S∗). If T0 and T1 are crudely normal with respect to ∆
and Tt is δ-locally incompressible for each t ∈ I, then {Tt}t∈I is homotopic to a pinched
crudely normal E-path relative to its endpoints.
1.3. n-parameter sweep-outs. LetM be a closed, orientable, Reimannian 3-manifold.
We denote by µ(·) the 2-dimensional Hausdorff measure on M . A continuous family
{Σv}v∈In of closed subsets of M is said to be a (genus-g) n-parameter sweep-out if it
satisfies the following property. Each Σv is either a closed surface of genus g or an 1-
complex, and Σv is a closed surface if v ∈ int I
n. Furthermore, µ(Σv′) tends to µ(Σv) as
v′ → v.
Let H be a handlebody. An embedded 1-complex Γ in H is called a spine of H if
H \ Γ is homeomorphic to ∂H × (0, 1]. Let S be a Heegaard surface of M , and let H0
and H1 be the handlebodies bounded by S. Let S0 and S1 be spines of H0 and H1
respectively. Then the complement M \ (S0 ∪ S1) is homeomorphic to S × (0, 1), and
we can extend S0 ∪ S1 to an 1-parameter sweep-out {Su}u∈I of M . Such a sweep-out is
called a Heegaard sweep-out of M and we call S0 ∪ S1 its spine. Let {S
′
u}u∈I be another
Heegaard sweep-out. We write {Su}u∈I = {S
′
u}u∈I if {Su}u∈I and {S
′
u}u∈I are the same
as singular foliations of M , that is, Su = S
′
u for any u ∈ I after reparametrization.
Note that a Heegaard sweep-out is uniquely determined by its spine up to isotopy. A
sequence of edge-slides of spines of Heegaard sweep-outs determines a family of Heegaard
sweep-outs and then 2-parameter sweep-out (note that these are not necessarily obtained
from an ambient isotopy of M). It is well know that a spine in a handlebody is unique
up to isotopy and edge-slides. Thus we have:
Lemma 1.3. Let S and S′ be Heegaard surfaces ofM and suppose that they are isotopic.
Let {Tt}t∈I be an isotopy between S and S
′. Let {Su}u∈I and {S
′
u}u∈I be Heegaard
sweep-outs such that S1/2 = S and S
′
1/2 = S
′. Then there exists a 2-parameter sweep-out
{Σ(t,u)}(t,u)∈I2 such that {Σ(0,u)}u∈I = {Su}u∈I , {Σ(1,u)}u∈I = {S
′
u}u∈I and Σ(t,1/2) = Tt
for any t ∈ I.
Define C(M ; I2) to be the set of continuous maps from I2 to Diff0(M) that send ∂I
2
to idM . For each ψ ∈ C(M ; I
2), we denote by ψ(t,u) the image of (t, u) ∈ I
2 under ψ. Let
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{Σ(t,u)}(t,u)∈I2 be a 2-parameter sweep-out. we define the set of 2-parameter sweep-outs
Π(Σ(t,u)) by Π(Σ(t,u)) := {ψ(t,u)(Σ(t,u)) | ψ ∈ C(M ; I
2)}.
Lemma 1.4 ( [8, Corollary 2.3]). Let N be a closed orientable hyperbolic 3-manifold.
Let {Su}u∈I and {S
′
u}u∈I be genus-g Heegaard sweep-outs. Let {Σ(t,u)}(t,u)∈I2 be a
2-parameter sweep-out such that {Σ(0,u)}u∈I = {Su}u∈I and {Σ(1,u)}u∈I = {S
′
u}u∈I .
Let C be a constant greater than max{C ′, 2pi(2g − 2)}, where C ′ is the maximum area
among leaves of either {Su}u∈I or {S
′
u}u∈I . Then there exists a 2-parameter sweep-out
{Λ(t,u)}(t,u)∈I2 ∈ Π(Σ(t,u)) such that max(t,u)∈I2
Area(Λ(t,u)) ≤ C.
Let {Su}u∈I be a Heegaard sweep-out of M . Let 0 < u < 1. The surface Su separates
M into two handlebodies
⋃
v≤u Sv and
⋃
v≥u Sv. We refer to them as the negative side
and the positive side of Su respectively.
Lemma 1.5 ( [8, Lemmas 2.5 and 2.8]). Let M be a closed, orientable, Reimannian 3-
manifold and suppose that M is not homeomorphic to S3. Let δ0 be the injectivity radius
of M and let δ < δ0/8. Let S be a Heegaard surface of M and {Su}u∈I a Heegaard
sweep-out of M .
(1) If S is 2δ-compressible in both sides of S, then S is weakly reducible.
(2) If Su is δ-compressible in the negative side (resp. positive side) of Su and 0 <
u′ < u (resp. u < u′ < 1), then it holds that either Su′ is weakly reducible or Su′
is 2δ-compressible in the negative side (resp. positive side) of Su′ .
2. Finitely generatedness of pi1(H(M,S)) and the thick isotopy property
Throughout this section, let M be a closed, orientable, irreducible, Reimannian 3-
manifold and S∗ a Heegaard surface of M . We take S∗ as the basepoint of H(M,S∗).
Definition. We say that S∗ has the thick isotopy property if there exist constants δ =
δ(S∗) and C = C(S∗) with the following property. If {Tt}t∈I is an arbitrary loop in
H(M,S∗) with its basepoint S∗, then we can homotope {Tt}t∈I into {T
′
t}t∈I relative to
its basepoints so that
• Area(T ′t ) ≤ C for any t ∈ I and
• T ′t is δ-locally incompressible for any t ∈ I.
The first result of the paper is the following. This gives a necessary and sufficient
condition for the fundamental group pi1(H(M,S∗)) to be finitely generated in terms of
the geometry of M .
Theorem 2.1. The following two statements are equivalent.
(1) The group pi1(H(M,S∗)) is finitely generated.
(2) The surface S∗ has the thick isotopy property.
Proof. Suppose that pi1(H(M,S∗)) is finitely generated. Let α1, α2, . . . , αn be a gener-
ating set of pi1(H(M,S∗)). Each αi is represented by a loop {P
i
t }t∈I in H(M,S∗). We
denote by δit the minimum of the diameters of compressions of P
i
t . Let δ < min δ
i
t, where
the minimum is taken over all 1 ≤ i ≤ n and t ∈ I. Set C := maxArea(P it ). An
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arbitrary loop in H(M,S∗) can be written as a product of {P
i
t }t∈I up to homotopy and
this product satisfies the thick isotopy condition.
Suoose that the statement (2) is true. Then there exist constants δ and C with the
property stated as above.
Let ∆ be a triangulation of M such that S∗ is crudely normal with respect to ∆.
Furthermore, after iterated barycentric subdivision of ∆ we may assume that st(κ) and
st2(κ) are 3-balls of diameter at most δ/2 for any simplex κ.
Let K = K(M,∆, |S∗ ∩∆
1|, δ/3) be the constant obtained in Lemma 1.1. Following
[8], we define a graph G as follows. Each vertex of G is a normal isotopy class of a
crudely almost normal surface with respect to ∆ whose weight is at most K(C + 1).
Two distinct vertices of G span an edge if and only if they have representatives which
are related either by a pinch or a move 0), 1) or 2′) shown in Figure 1. Note that G is a
finite graph since there are only finitely many normal isotopy classes of crudely almost
normal surfaces whose weight are at most K(C + 1). We denote by G0 the connected
component of G that contains S∗.
Let η : pi1(G0)→ pi1(H(M,S∗)) be the natural homomorphism.
Claim. The map η : pi1(G0)→ pi1(H(M,S∗)) is surjective.
Proof of Claim. Suppose that {Tt}t∈I is an arbitrary loop in H(M,S∗) with its basepoint
S∗. It suffices to show that the homotopy class of {Tt}t∈I can be represented by a loop
in G0.
By the assumption, we may homotope {Tt}t∈I relative to its basepoint so that for all
t ∈ I, Area(Tt) ≤ C and Tt is δ-locally incompressible. By Lemma 1.1, we may homotope
{Tt}t∈I so that {Tt}t∈I is a K(C +1)-path and Tt is δ/2-incompressible for all t ∈ I. By
Lemma 1.2, {Tt}t∈I is homotopic to a pinched crudely normal K(C +1)-path. Thus the
homotopy class of {Tt}t∈I is represented by a loop in G0. 
Note that pi1(G0) is finitely generated since G0 is a finite graph. Thus the conclusion
follows from the above Claim. 
Remark 1. The proof of Theorem 2.1 is constructive. In fact, it gives an algorithm to
find a finite generating set of pi1(H(M,S∗)) when the constants δ and C are given.
3. Proof of theorem 0.1
In this Section, we will prove Theorem 0.1. The following lemma is [8, Lemma 2.10]
with minor changes.
Lemma 3.1. Let N be a closed orientable hyperbolic 3-manifold and let S∗ be a strongly
irreducible Heegaard surface of N . Then S∗ has the thick isotopy property.
Proof. Let δ0 be the injectivity radius of N . Let δ1 > 0 be a constant such that any
compression disk D of S∗ satisfies δ1 < diam(∂D)/2. Let δ < min{δ1, δ0/8}. Note
that S∗ is 2δ-locally incompressible by definition. Let {Su}u∈I be a Heegaard sweep-
out such that S1/2 = S∗. Set C
′ := max
u∈I
Area(Su). Let C be a constant greater than
max{C ′, 2pi(2g − 2)}, where g is the genus of S∗.
Let {Tt}t∈I be an arbitrary loop in H(N,S∗) with its basepoint S∗. By Lemma 1.3, we
can find a 2-parameter sweep-out {Σ(t,u)}(t,u)∈I2 such that {Σ(0,u)}u∈I = {Σ(1,u)}u∈I =
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{Su}u∈I and Σ(t,1/2) = Tt for any t ∈ I. By Lemma 1.4, there exists a 2-parameter
sweep-out {Λ(t,u)}(t,u)∈I2 ∈ Π(Σ(t,u)) such that max(t,u)∈I2
Area(Λ(t,u)) ≤ C. By definition,
there exists a map ψ ∈ C(N ; I2) such that {Λ(t,u)}(t,u)∈I2 = {ψ(t,u)(Σ(t,u))}(t,u)∈I2 . Set
T ′′t := ψ(t,1/2)(Tt) for all t ∈ I.
First, we will see that {T ′′t }t∈I is homotopic to {Tt}t∈I relative to its basepoints. Define
α : I → I2 by α(t) = (t, 1/2). Since ψα(t) = ψ(t,1/2) and α can be homotoped into ∂I
2
with fixed its endpoints, ψ(t,1/2) is homotopic to the constant loop as a loop in Diff0(N)
relative to its basepoint. Therefore, {T ′′t }t∈I and {Tt}t∈I are homotopic.
Next, we will see that there exists a loop {T ′t}t∈I in H(N,S∗) such that it is homotopic
to {T ′′t }t∈I relative to its basepoints and satisfies the thick isotopy property. This part
is the same as the proof of Lemma 2.10 of [8], so we give a sketch in the following.
Consider the region R− (resp. R+) in I
2 which consists of all points (t, u) such
that Λ(t,u) is δ-compressible in the negative side (resp. positive side). It follows from
the definition that a point near I × {0} (resp. I × {1}) is contained by R− (resp.
R+). We first observe that R− ∩ R+ = ∅. Conversely, suppose that R− ∩ R+ 6= ∅.
Then there exists a point (t, u) ∈ I2 such that Λ(t,u) is δ-compressible in both the
negative and positive side. By Lemma 1.5 (1), it follows that Λ(t,u) is weakly reducible.
This contradicts our assumption since Λ(t,u) is isotopic to S∗. Next, we observe that
({0, 1} × [1/2, 1]) ∩ R− = ∅. Suppose that ({0, 1} × [1/2, 1]) ∩ R− 6= ∅. By Lemma
1.5 (2), S1/2 is 2δ-compressible in the negative side. This contradicts the definition
of δ since S∗ = S1/2 is 2δ-locally incompressible. The same argument implies that
({0, 1} × [0, 1/2]) ∩ R+ = ∅. Finally, we can find a path β in I
2 connecting the points
(0, 1/2) and (1, 1/2) which lies in I2 \ (R− ∪R+). See [8, proof of Lemma 2.10] for more
detail. Set T ′t := Λβ(t). By definition, {T
′
t}t∈I satisfies the desired properties and it is
obviously homotopic to {T ′′t }t∈I . 
We are now in position to prove Theorem 0.1.
Proof of Theorem 0.1. By Theorem 2.1 and Lemma 3.1, pi1(H(N,S)) is finitely generated.
Let pi : MCG(N,S) → MCG(N) be the natural projection. Since there is a natural
projection pi1(H(N,S)) → Kerpi, it follows that Kerpi is also finitely generated. By
definition, there exists a short exact sequence 1 → Kerpi → MCG(N,S) → Impi → 1.
Note that MCG(N) is a finite group since N is hyperbolic, and hence Impi is a finite
group. Therefore, MCG(N,S) is finitely generated. 
Remark 2. (1) The constants δ and C obtained in the proof of Lemma 3.1 are computable
from the hyperbolic metric of N and a given Heegaard surface S. Thus we have an
algorithm to find a finite generating set of pi1(H(N,S)) by Remark 1.
(2) We believe that more various kinds of Heegaard surfaces of 3-manifolds, e.g. a
genus-g (≥ 4) Heegaard surface Sg of S
3, satisfy the thick isotopy property. It is not
known whether the group MCG(S3, Sg) is finitely generated for g ≥ 4, though it is
conjectured that the group is generated by five specific elements proposed by Powell [17].
Recall that there is a natural projection from pi1(H(S
3, Sg)) to MCG(S
3, Sg). By Remark
1, if the constants δ(Sg) and C(Sg) are computed explicitly, we have an algorithm to
find a finite generating set of MCG(S3, Sg).
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